Abstract. We show that the method to construct C * -algebras from topological graphs, introduced in our previous paper, generalizes many known constructions. We give many ways to make new topological graphs from old ones, and study the relation of C * -algebras constructed from them. We also prove that our C * -algebras have a certain characterization. This gives us another definition of our C * -algebras.
Introduction
In the previous paper [K1] , we introduced the notion of topological graphs and the method to construct C * -algebras from them. Topological graphs generalize ordinary graphs and homeomorphisms on locally compact spaces, and our method to construct C * -algebras from them generalize the constructions of graph algebras and homeomorphism algebras (see [K1] for detail). In this paper, we give many ways to make new topological graphs from old ones, and study the relation of C * -algebras constructed from them. We use the results here in other papers. We also show that the way to construct C * -algebras from topological graphs and the class of such C * -algebras generalize many known constructions and classes besides graph algebras and homeomorphism algebras. In [K1] , we show that our C * -algebras are always nuclear and satisfy the Universal Coefficient Theorem. So far, we have known no examples which satisfy these two conditions, but are not in our class. Almost all "classifiable" C * -algebras can be obtained as C * -algebras of topological graphs. Thus our C * -algebras are useful to study the structure of classifiable C * -algebras. In Section 1, we recall the definitions and the results in our previous paper [K1] . In Section 2, we define factor maps between two topological graphs and show that these give * -homomorphisms between C * -algebras associated with them. In Section 3, we investigate C * -algebras C * (T ) generated by Toeplitz pairs T = (T 0 , T 1 ). Thanks to this investigation, we get a characterization of our C * -algebra O(E) without using the space E 0 rg (Proposition 3.23). We use the results here in the next paper [K3] . In Section 4, we define projective systems of topological graphs and their projective limits, and study how these relate to C * -algebras T (E) and O(E). In Section 5 and Section 6, we give methods to make a new topological graph from given one so that the C * -algebras they define are strongly Morita equivalent to each others.
Section 7 is devoted to give other operations to make new topological graphs. In the final three sections, we show that the way to construct C * -algebras from topological graphs and the class of such C * -algebras generalize many known constructions and classes.
1. Preliminaries Definition 1.1. A topological graph E = (E 0 , E 1 , d, r) consists of two locally compact spaces E 0 and E 1 , and two maps d, r : E 1 → E 0 , where d is locally homeomorphic and r is continuous.
We regard E 0 as a set of vertices and E 1 as a set of edges, and think that an edge e ∈ E 1 is directed from the domain d(e) ∈ E 0 to the range r(e) ∈ E 0 . For a topological graph E = (E 0 , E 1 , d, r), the triple (E 1 , d, r) is called a topological correspondence on E 0 , which is considered as a generalization of continuous maps. By the local homeomorphism d : E 1 → E 0 , E 1 is "locally" isomorphic to E 0 , and the pair (E 1 , d) defines a "domain" of a continuous map r which is "locally" a continuous map from E 0 to E 0 . Let us denote by C d (E 1 ) the set of continuous functions ξ on E 1 such that ξ, ξ (v) = e∈d −1 (v) |ξ(e)| 2 < ∞ for any v ∈ E 0 and ξ, ξ ∈ C 0 (E 0 ). For ξ, η ∈ C d (E 1 ) and f ∈ C 0 (E 0 ), we define ξf ∈ C d (E 1 ) and ξ, η ∈ C 0 (E 0 ) by (ξf )(e) = ξ(e)f (d(e)) for e ∈ E 1 ξ, η (v) = e∈d −1 (v) ξ(e)η(e) for v ∈ E 0 .
With these operations, C d (E 1 ) is a (right) Hilbert C 0 (E 0 )-module ([K1, Proposition 1.10]). We define a map π :
) by (π(f )ξ)(e) = f (e)ξ(e) for f ∈ C b (E 1 ), ξ ∈ C d (E 1 ) and e ∈ E 1 , where C b (E 1 ) is the set of all bounded continuous functions on E 1 . We have π(f ) ∈ K(C d (E 1 )) if and only if f ∈ C 0 (E 1 ) ( [K1, Proposition 1.17] ). We define a left action π r of C 0 (E 0 ) on C d (E 1 ) by π r (f ) = π(f • r) ∈ L(C d (E 1 )) for f ∈ C 0 (E 0 ). Thus we get a C * -correspondence C d (E 1 ) over C 0 (E 0 ). We set d 0 = r 0 = id E 0 and d 1 = d, r 1 = r. For n = 2, 3, . . ., we recursively define a space E n of paths with length n and domain and range maps d n , r n : E n → E 0 by E n = {(e ′ , e) ∈ E 1 × E n−1 | d 1 (e ′ ) = r n−1 (e)}, d n ((e ′ , e)) = d n−1 (e) and r n ((e ′ , e)) = r 1 (e ′ ). Note that (E n , d n , r n ) is the ntimes composition of the topological correspondence (E 1 , d, r) on E 0 . We can define a C * -correspondence C d n (E n ) over C 0 (E 0 ) similarly as C d (E 1 ). We have that
as C * -correspondences over C 0 (E 0 ) for any n, m ∈ N = {0, 1, 2, . . .}. As long as no confusion arises, we omit the superscript n and simply write d, r for d n , r n .
Definition 1.2. Let E = (E 0 , E 1 , d, r) be a topological graph. A Toeplitz E-pair on a C * -algebra A is a pair of maps T = (T 0 , T 1 ) consisting of a * -homomorphism T 0 : C 0 (E 0 ) → A and a linear map T 1 :
We denote by T (E) the universal C * -algebra generated by a Toeplitz E-pair.
For a Toeplitz E-pair T = (T 0 , T 1 ), the equation T 1 (ξ)T 0 (f ) = T 1 (ξf ) holds automatically from the condition (i). We write C * (T ) for denoting the C * -algebra generated by the images of the maps T 0 and T 1 . We define a * -homomorphism Φ : K(C d (E 1 )) → C * (T ) by Φ(θ ξ,η ) = T 1 (ξ)T 1 (η) * for ξ, η ∈ C d (E 1 ). We say that a Toeplitz E-pair T = (T 0 , T 1 ) is injective if T 0 is injective. If a Toeplitz E-pair T = (T 0 , T 1 ) is injective, then T 1 and Φ are isometric.
Definition 1.3. Let E = (E 0 , E 1 , d, r) be a topological graph. We define three open subsets E Note that if it exists, such a neighborhood V is compact, and every compact neighborhood V ′ of v contained in V satisfies the same conditions. We have that ker π r = C 0 (E Definition 1.5. A Toeplitz E-pair T = (T 0 , T 1 ) is called a Cuntz-Krieger E-pair if T 0 (f ) = Φ(π r (f )) for any f ∈ C 0 (E 0 rg ). The universal C * -algebra generated by a Cuntz-Krieger E-pair t = (t 0 , t 1 ) is denoted by O(E).
Since t = (t 0 , t 1 ) is injective ([K1, Proposition 3.7] ), ϕ : K(C d (E 1 )) → O(E) is injective. By the universality of O(E), there exists an action β : T O(E) defined by β z (t 0 (f )) = t 0 (f ) and β z (t 1 (ξ)) = zt 1 (ξ) for f ∈ C 0 (E 0 ), ξ ∈ C d (E 1 ) and z ∈ T. The action β is called the gauge action. We say that a Toeplitz E-pair T admits a gauge action if there exists an automorphism β
Factor maps
In this section, we define factor maps between two topological graphs and show that these give * -homomorphisms between C * -algebras associated with them. Let us take two topological graphs E = (E 0 , E 1 , d E , r E ) and F = (F 0 , F 1 , d F , r F ), and fix them. For a locally compact space X, we denote by X = X ∪ {∞} the one-point compactification of X. We consider elements of C 0 (X) as continuous functions on X vanishing at ∞ ∈ X. Definition 2.1. A factor map from F to E is a pair m = (m 0 , m 1 ) consisting of continuous maps m 0 : F 0 → E 0 and m 1 : F 1 → E 1 which send ∞ to ∞, such that (i) For every e ∈ F 1 with m 1 (e) ∈ E 1 , we have r E (m 1 (e)) = m 0 (r F (e)) and d E (m 1 (e)) = m 0 (d F (e)). (ii) If e ′ ∈ E 1 and v ∈ F 0 satisfies d E (e ′ ) = m 0 (v), then there exists a unique element e ∈ F 1 such that m 1 (e) = e ′ and d F (e) = v.
Note that the domain and range maps d E , r E : E 1 → E 0 of a topological graph E = (E 0 , E 1 , d E , r E ) may not extend to continuous maps from E 1 to E 0 in general. Let us take a factor map m = (m 0 , m 1 ) from F to E, and fix it. The restriction of the map
−1 (v) with m 1 (e) = e ′ . Hence the map
is bijective. Therefore we have
hence in this case the both hands of the fourth equality are zero). Thus we get µ
By taking ξ = η in the above lemma, we see that the restriction of µ 1 gives a linear map µ 1 :
. Thus we get the following.
be maps defined from a factor map m = (m 0 , m 1 ) from F to E as above. Then there exists a unique * -homomorphism µ :
F ) are the universal Toeplitz E-pair on T (E) and the universal Toeplitz F -pair on T (F ), respectively.
Proof. Define a pair of maps
The uniqueness is easily verified.
Proposition 2.4. Let E, F, G be topological graphs, and m, n be factor maps from F to E and G to F respectively. We set (m
is a factor map from G to E, and the * -homomorphism ω : T (E) → T (G) defined from m • n is the composition of µ : T (E) → T (F ) and ν : T (F ) → T (G) which are defined from m and n respectively.
Proof. Take e ∈ G 1 with (
and r E (m 1 (n 1 (e))) = m 0 (r F (n 1 (e))). Therefore we get
Take e ∈ E 1 and v ∈ G 0 with d E (e) = (m 0 • n 0 )(v). Since m is a factor map, there exists unique e ′ ∈ F 1 with m 1 (e ′ ) = e and d F (e ′ ) = n 0 (v). Since n is a factor map, there exists unique e ′′ ∈ G 1 with n 1 (e ′′ ) = e ′ and d G (e ′′ ) = v. Therefore e ′′ ∈ G 1 is the unique element satisfying m 1 (n 1 (e ′′ )) = e and d G (e ′′ ) = v. Thus m • n is a factor map. By Proposition 2.3, we have
A factor map m • n defined in Proposition 2.4 is called a composition of factor maps m and n. Thus we get a contravariant functor E → T (E) from the category of topological graphs with factor maps as morphisms to the one of C * -algebras with * -homomorphisms as morphisms. We study which factor maps from F to E give * -homomorphisms from O(E) to O(F ). For a factor map m = (m 0 , m 1 ) from F to E, we can define a * -homomorphism ψ :
is defined from m 1 as above. To get a * -homomorphism from O(E) to O(F ), we need to know whether we have ψ(π r E (f )) = π r F (µ 0 (f )) for f ∈ C 0 (E 0 rg ). As defined in Section 1, the map π r E :
The former equality is valid for arbitrary factor maps.
Proof. Since ψ • π E and π F • µ 1 are continuous, it suffices to show the equality only for elements in C c (E 1 ). Take g ∈ C c (E 1 ). By [K1, Lemma 1.16] , there exist 
When both e and e ′ are in (
by the condition (i) in Definition 2.1, and e = e ′ implies m 1 (e) = m 1 (e ′ ) by the condition (ii). Hence
We are done.
The equality
is not true for a general factor map m = (m 0 , m 1 ). We need the following notion.
Lemma 2.7. For a regular factor map m from F to E, we have (
The condition (i) of Definition 2.1 tells us that U ′ = (m 1 ) −1 (U). Since U is compact and m 1 is proper, we see that U ′ is compact. Thus we have found a neighborhood
Lemma 2.8. Let m = (m 0 , m 1 ) be a regular factor map from F to E, and define a * -homomorphism µ 0 :
Proof. By Proposition 2.5, it suffices to show that
For e / ∈ (m 1 )
rg by the regularity of the factor map m. Hence in this case, µ 0 (f )(r F (e)) = f (m 0 (r F (e))) = 0. Therefore we have
be maps defined from a regular factor map m from F to E. Then there exists a unique
by Lemma 2.8. This implies that T is a Cuntz-Krieger E-pair. Therefore there exists a * -homomorphism µ :
The C * -algebra O(F ) has the gauge action β and we see that
Hence by Proposition 1.6 the * -homomorphism µ is injective if and only if Proposition 2.10. Let E, F, G be topological graphs, and m, n be regular factor maps from F to E and G to F respectively. Then the composition m • n of m and n is regular and the
rg , we have m 1 (n 1 (e)) ∈ E 1 . Thus m • n is regular. The latter part can be shown similarly as in Proposition 2.4.
3. C * -algebras generated by Toeplitz pairs
In this section, we investigate C * -algebras C * (T ) generated by Toeplitz pairs
It is not difficult to see that the right hand side of the equation above is an ideal of C 0 (E 0 rg ). We have Y T = ∅ if and only if T is a Cuntz-Krieger E-pair. Thus Y T measures how far T is from being a Cuntz-Krieger E-pair.
Lemma 3.2. Let E be a topological graph and T be an injective Toeplitz E-pair.
. We will construct a topological graph E Y from a topological graph E and a closed subset Y of E 
Y is a continuous map. Thus we get a topological graph
Note that E Y is obtained from the topological graph E by attaching extra vertices ω(Y ) and extra edges ω(d −1 (Y )) whose domains are in ω(Y ) and ranges are in E 0 . 
We define a map m 
. This is clear because we have m 0 (r Y (e)) = r(m 1 (e)) for all e ∈ E 1 . The proof is completed.
We will prove the converse. Take a topological graph E, a closed subset Y of E 0 rg and a Toeplitz E-pair T with
We also have
does not depend on the choices of f and g satisfying the above two equations.
Hence we see
Thus the element T 0 (f )+T 0 rg (g) does not depend on the choices of f and g satisfying the two conditions.
and g ∈ C 0 (E 0 rg ) are elements satisfying the two equations in Lemma 3.6.
Proof. It is clear that T 0 is linear and * -preserving. We will show that it is multiplicative. Take
On the other hand, we have
Conversely take an injective Toeplitz E-pair T such that
Thus we have h = 0. This shows that T 0 is injective. We are done.
Next, we define a linear map
) and we showed that
. We see that
This proves the last equality.
rg ) with η = ξ i g i for i = 1, 2. By the computation above, we have
This proves the well-definedness of
rg (η 2 ) = 0 by the computation above. This proves the linearity of
By using Lemma 3.10, we can prove the following in a similar way to the proof of Lemma 3.6.
does not depend on the choices of ξ and η satisfying the above two equations.
Hence we can define a linear map
rg ) satisfy the two conditions in Lemma 3.11. It is easy to see that
We will prove that the pair
.
Similarly for v ∈ Y , we have
Hence we have
rg (g). By Lemma 3.9 and Lemma 3.12, we have
Lemma 3.14. We have
. From this fact and Lemma 3.12, we see that
For
Hence we get
The proof is completed.
Proof. By Lemma 3.13 and Lemma 3.14, T is a Toeplitz E Y -pair. We will show that T is a Cuntz-Krieger E Y -pair. To do so, it suffices to see that
Thus we have
As we have already seen, the two equations
By Proposition 3.15, we have a surjective * -homomorphism
for i = 0, 1. We study for which Toeplitz pairs T the surjections ρ T are injective.
Proposition 3.16. When E is topologically free, the * -homomorphism ρ T is an isomorphism if and only if the Toeplitz E-pair T is injective and satisfies Y T = Y .
Proof. When E is topologically free, the topological graph E Y is also topologically free because vertices in ω(Y ) receive no edges. Hence ρ T is an isomorphism if and only if T is injective by [K1, Theorem 5.12] . By Proposition 3.8, T is injective whenever T is an injective Toeplitz E-pair such that Y T = Y . This completes the proof.
Lemma 3.17. The Cuntz-Krieger E Y -pair T admits a gauge action if and only if so does T .
, it is clear that if T admits a gauge action then so does T . Conversely, suppose that for each z ∈ T, there exists an automorphism
. Thus the pair T admits a gauge action. We are done.
Proposition 3.18. The * -homomorphism ρ T is an isomorphism if and only if the Toeplitz E-pair T is injective, admits a gauge action, and satisfies Y T = Y .
Proof. This follows from Proposition 1.6 with the help of Lemma 3.17 in a similar way to the proof of Proposition 3.16.
Corollary 3.19. Let E be a topological graph. For an injective Toeplitz E-pair T which admits a gauge action, the
Proof. Since we have Y T Y = Y by Proposition 3.5, we get a * -homomorphism
Now we have the following proposition which means that the C * -algebra O(E Y ) is the universal C * -algebra generated by Toeplitz E-pairs T satisfying Y T ⊂ Y .
Proposition 3.21. Let E be a topological graph, and Y be a closed subset of E 0 rg . For a Toeplitz E-pair T with Y T ⊂ Y , there exists a unique surjective * -homomor-
Proof. We have already seen that there exists such a surjection ρ T . The uniqueness follows from Proposition 3.20.
Corollary 3.22. For a topological graph E, we have
Proof. Take Y = E 0 rg in Proposition 3.21. As a consequence of the analysis above, we get the following proposition which means that O(E) is the smallest C * -algebra among C * -algebras generated by injective Toeplitz E-pairs which admit gauge actions. Thus we get an alternative definition of O(E) which does not use the space E 0 rg or Cuntz-Krieger pairs. Proposition 3.23. Let E be a topological graph, and T be an injective Toeplitz Epair which admits a gauge action. Then there exists a surjective * -homomorphism
by Corollary 3.19, and we have
T . We finish this section by generalizing Corollary 3.19 to all Toeplitz pairs admitting gauge actions. Let us fix a topological graph E = (E 0 , E 1 , d, r) and a Toeplitz Epair T . We define a closed subset X 0 of E 0 by ker
Proof. Take e ∈ X 1 . We can find ξ ∈ C d (E 1 ) with ξ(e) = 1 and ξ(e ′ ) = 0 for all
we have f (r(e)) = 0 for all f ∈ ker T 0 . This implies r(e) ∈ X 0 . Thus r(X 1 ) ⊂ X 0 .
By Proposition 3.25, the quadruple
It is easy to see the following.
The pairṪ admits a gauge action if and only if so does T .
We define a closed subset Y of X 0 rg by
where the * -homomorphismΦ :
is defined from the pairṪ . The following proposition easily follows from Corollary 3.19.
Proposition 3.27. Let E be a topological graph. For a Toeplitz E-pair T which admits a gauge action, the C * -algebra C * (T ) is isomorphic to O(X Y ) where the topological graph X Y is obtained from the topological graph X by attaching extra vertices isomorphic to Y and extra edges isomorphic to d −1 (Y ) as above.
Remark 3.28. For a Toeplitz E-pair T which does not admit a gauge action, we just get an injective Cuntz-Krieger
Remark 3.29. In general, the Toeplitz X-pairṪ defined above may not be a CuntzKrieger pair even when T is a Cuntz-Krieger E-pair. This phenomena will be studied in the analysis of the ideal structures of O(E) in [K3] .
Projective systems of topological graphs
In this section, we define projective systems of topological graphs and their projective limits, and study how these relate to C * -algebras T (E) and O(E).
Definition 4.1. A projective system of topological graphs over a directed set Λ consists of a set of topological graphs E λ = (E 0 λ , E 1 λ , d λ , r λ ) for λ ∈ Λ and a set of factor maps m λ,λ ′ :
Let us take a projective system of topological graphs ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ) and fix it. For i = 0, 1, we define a compact set E i by the projective limit of the compact sets E 
The set E i is a locally compact space whose one-point compactification is E i . For any v ∈ E 0 , there exists λ 0 ∈ Λ such that m
λ 0 , gives an element in E 0 . Thus elements in E 0 are represented by such nets. Elements in E 1 are represented similarly. We define maps d, r : E 1 → E 0 by d(e) = {d λ (e λ )} λ λ 0 and r(e) = {r λ (e λ )} λ λ 0 for e = {e λ } λ λ 0 ∈ E 1 . This is well-defined because m λ,λ ′ 's are factor maps. To prove that the quadruple E = (E 0 , E 1 , d, r) is a topological graph, we need the following lemma.
Proof. Take such an open subset U ⊂ E 1 and set V = d E (U). Since a bijective local homeomorphism is a homeomorphism, it suffices to see that the restriction of
. By the condition (ii) in Definition 2.1, there exists unique e ∈ F 1 such that m 1 (e) = e ′ and d F (e) = v. This e ∈ F 1 is the unique element in (
. We are done.
Proposition 4.3. The quadruple E = (E 0 , E 1 , d, r) defined from a projective system of topological graphs ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ) as above is a topological graph.
Proof. For λ 0 ∈ Λ and an open subset V of E 0 λ 0 , the set
is an open subset of E 1 . Since the family
We see that U is a neighborhood of e ∈ E 1 and V is a neighborhood of d(e) ∈ E 0 because m
. We will show that the restriction of d to U is a homeomorphism onto V . Take λ λ 0 and open subsets
is a basis of U, and the family
is a basis of V , we see that the restriction of d to U is a homeomorphism onto V .
Definition 4.4. The topological graph E in Proposition 4.3 is called the projective limit of the projective system ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ), and denoted by
or simply by lim ← − E λ .
Proposition 4.5. For each λ 0 ∈ Λ, the pair m λ 0 = (m
) is a factor map from
Proof
(e) = e λ 0 and d(e) = v. We are done.
λ for i = 0, 1 and λ ∈ Λ. One can easily see that the pair T = (T 0 , T 1 ) is a Toeplitz E-pair. By the universality of T (E), there exists a * -homomorphism T (E) → lim − → T (E λ ). It is easy to verify that the two maps lim
are the inverses of each others. Thus we get the following. Proposition 4.6. For a projective system ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ), we have
We define the regurality of projective limits and seek an analogous result of Proposition 4.6 for O(E).
Definition 4.7. A projective system ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ) of topological graphs is said to be regular if m λ,λ ′ is regular for all λ, λ ′ ∈ Λ with λ λ ′ .
Take a regular projective system ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ) of topological graphs, and denote by E = (E 0 , E 1 , d, r) its projective limit lim
) be the natural factor map from E = lim ← − E λ to E λ 0 for each λ 0 ∈ Λ.
Proposition 4.8. For each λ 0 ∈ Λ, the factor map m λ 0 is regular.
Proof. Take v ∈ E 0 with m
) rg , and we will show that r −1 (v) is a nonempty subset of (m
). Let e be an element in r −1 (v). Take λ ∈ Λ with m 1 λ (e) ∈ E 1 λ . We may assume λ λ 0 . Since the factor map m λ 0 ,λ is regular and m
). Thus we have e ∈ (m
). We will show that r −1 (v) = ∅.
Hence G λ is a non-empty compact set. We define a compact set G by G = λ∈Λ 0 G λ . For λ, λ ′ ∈ Λ 0 with λ λ ′ , we define a subset
It is clear that F λ,λ ′ is a closed subset of the compact set G for λ, λ ′ ∈ Λ 0 with λ λ ′ . We will show that
Hence we have shown that
Since G is compact, we can find
Since we have m λ,λ ′ (e λ ′ ) = e λ for λ, λ ′ ∈ Λ 0 with λ λ ′ . we get an element e = {e λ } λ∈Λ 0 ∈ E 1 which satisfies r(e) = v. Hence r −1 (v) = ∅. The proof is completed.
As in the case of T (E), we get the following commutative diagram (λ λ ′ ):
We denote a natural map by ν λ :
λ for i = 0, 1. By the universality of inductive limits, there exists a * -homomorphism ν : lim
Hence the image of ν contains t 0 (C 0 (E 0 )) and t 1 (C d (E 1 )), and so ν is surjective. One may expect that ν is an isomorphism similarly as the case of T (E). However this is not the case as the following example shows.
Example 4.9. Let F = (F 0 , F 1 , d F , r F ) be a discrete graph given by
Then {E k } k∈N and {m k,k+1 } k∈N give a regular projective system. Its projective limit E = (E 0 , E 1 , d, r) is a discrete graph such that E 0 = {v, w}, E 1 = {e 0 }, d(e 0 ) = v, r(e 0 ) = w. We have O(E) ∼ = M 2 . On the other hand, we have lim
We define an open set
From Lemma 2.7 and Proposition 4.8, we see that (m
Proof. Take λ ∈ Λ and g ∈ C 0 ((E 0 λ ) rg ). We have µ
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To derive a contradiction, assume that there exists f ∈ C 0 (E 0 rg ) such that T 0 (f ) = Φ(π r (f )) and f / ∈ C 0 (O). There exists v / ∈ O with |f (v)| = ε > 0. We can find λ 0 ∈ Λ and g 0 ∈ C 0 (E 0 λ ) such that ν λ 0 (t
we can find λ 1 ∈ Λ and x 1 ∈ K(C d λ 1 (E 0 λ 1 )) such that ν λ 1 (ϕ λ 1 (x 1 )) − Φ(π r (f )) < ε/3. Take λ 2 ∈ Λ so that λ 2 λ 0 and λ 2 λ 1 , and set
Then we have
By the definition of inductive limits of C * -algebras, there exists λ 3 λ 2 such that µ λ 2 ,λ 3 (a) < 2ε/3. Take λ ∈ Λ such that λ λ 3 and m
However, we have t Let us say that a projective system ({E λ } λ∈Λ , {m λ,λ ′ } λ λ ′ ) is surjective when m 0 λ,λ ′ is surjective for every λ λ ′ . By Proposition 2.9, we get an injective inductive system of C * -algebras from a surjective regular projective system. 
Subalgebras of O(E)
Let us take a topological graph E = (E 0 , E 1 , d, r) and fix it. In this section, we study subalgebras of O(E).
We will see its difference. Let us define a * -homomorphism T 0 : C 0 (F 0 ) → O(E) and a linear map
by the restrictions of t 0 and t 1 , respectively. It is clear that the pair T = (T 0 , T 1 ) is an injective Toeplitz F -pair. In general, it is not a CuntzKrieger F -pair.
The latter condition implies that f • r ∈ C 0 (F 1 ) and so
Thus we have shown that f ∈ C 0 (F 0 ) satisfies
. The proof will be completed once we will show
By replacing it by a smaller set if necessary, we may assume that
Then we can find a neighborhood V of v ∈ E 0 such that r −1 (V ) is compact and satisfies r(r −1 (V )) = V . By replacing it by a smaller set if necessary, we may assume
. This completes the proof. For an open subset V of E 0 , we define
Proof. By Proposition 5.3, it suffices to check ( 
Proof. It is easy to see that we have
is the same map as the one induced by a regular factor map m = (m 0 , m
Thus the latter statement of Proposition 5.6 is the special case of Proposition 4.13.
We examine for which open subset V the C * -subalgebra A V is hereditary or full.
Proof. For n = 0, we have
Let n be an integer greater than 1. Since
. Take e = (e 1 , e 2 , . . . , e n ) ∈ (r n ) −1 (V ). From r(e 1 ) = r n (e) ∈ V , we get e 1 ∈ r
The linear span of elements of the form t n (ξ)t m (η) * is dense in O(E) (see [K1, Section 2] for the proof of this fact and the definition of the linear map t n :
and n ∈ N. we know that A V is a hereditary subalgebra generated by t 0 (C 0 (V )). Take f ∈ C 0 (V ) and ξ ∈ C d (E n ) for n ∈ N. For e / ∈ F n V , we have (π r n (f )ξ)(e) = f (r n (e))ξ(e) = 0 because r n (e) / ∈ V by Lemma 5.8. Hence we have
This proves the first part. Now further assume that each v ∈ E 0 \V is regular and satisfies d n ((r n ) −1 (v)) ⊂ V for some n ∈ N. We set V 0 = V , and define V n ⊂ E 0 for n = 1, 2, . . . by
Since V satisfies d(r −1 (V )) ⊂ V , we have V n ⊂ V n+1 for n ∈ N. By the assumption, we have
For n ∈ N, we have
is open. Hence we can show that V n is open recursively. Let I be an ideal generated by A V . We will show t 0 (C 0 (V n )) ⊂ I by induction with respect to n ∈ N. For n = 0, we have t
) as a hereditary subalgebra, we have I = O(E). Thus A V is a full hereditary subalgebra.
The last part follows from Proposition 5.5.
Remark 5.10. We will see in [K3, Remark 6.2] that for an open subset V of E 0 satisfying that d(r −1 (V )) ⊂ V , the condition that each v ∈ E 0 \ V is regular and satisfies d n ((r n ) −1 (v)) ⊂ V for some n ∈ N is not only sufficient but also necessary for A V to be full.
Strong Morita equivalence
In Proposition 5.9, we found subgraphs F of E such that O(F ) is strongly Morita equivalent to O(E). In this section, we give a construction of a topological graph F which contains a given topological graph E such that O(F ) is strongly Morita equivalent to O(E).
Let E = (E 0 , E 1 , d, r) be a topological graph, and N be a positive integer or ∞. For k = 1, 2, . . . , N, take locally compact spaces
Lemma 6.1. We have
rg because r k is surjective and proper. Hence we have
We have
F ) be the universal Cuntz Krieger Epair on O(E) and the universal Cuntz Krieger F -pair on O(F ), respectively. Proposition 6.2. There exists an injective * -homomorphism µ :
is a Toeplitz E-pair. By Lemma 6.1, T is a Cuntz-Krieger E-pair. Hence there exists a * -homomorphism
Clearly the pair T is injective and admits a gauge action. Hence µ is injective by Proposition 1.6, Remark 6.3. Similarly as in Remark 5.7, we see that the injection µ : O(E) → O(F ) in Proposition 6.2 is induced by a regular factor map from F to E.
where M(·) means a multiplier algebra (see [La, Proposition 2 .1]). Let p ∈ M(O(F )) be the image of the characteristic function of E 0 ⊂ F 0 under this map. We will show that pO(F )p = µ(O(E)). Since O(F ) is the linear span of elements of the form t
and n, m ∈ N, the corner pO(F )p is the linear span of elements of the form pt
implies e ∈ E n . Thus we have pO(F )p = µ(O(E)). Let I be an ideal of O(F ) generated by pO(F )p. We will prove that I = O(F ) in a similar way to the proof of Proposition 5.9. By the former part, we have t
is generated by the images of t 0 F and t 1 F , we have I = O(F ). Therefore µ(O(E)) is a full corner of O(F ). The last part follows from the injectivity of µ. Now we specialize the above discussion. Let E = (E 0 , E 1 , d, r) be a topological graph and N be a positive integer. For k = 1, 2, . . . , N, set X 0 k , X 1 k ∼ = E 0 , and define
is a topological graph. By Proposition 6.4, the C * -algebra O(E N ) is strongly Morita equivalent to O(E). We can say more.
Proof. In the proof, we use the natural identification
We will show that T = (
by the remark in the beginning of this proof and the computation
This shows that T is a Cuntz-Krieger E N -pair. Next we will show that the C * -algebra C * (T ) generated by the images of T 0 and
.5] and the remark before it), we get O(E) ⊗ u 1,0 ⊂ C * (T ).
Recursively, we have
. Finally we will find a gauge action for the pair T . For each z ∈ T, define a unitary u z ∈ M N +1 by u z = N k=0 z k u k,k , and an automorphism Ad u z on M N +1 by Ad u z (x) = u z xu * z for x ∈ M N +1 . Let β be the gauge action on O(E). The automorphism β
with the help of Proposition 1.6.
The discussion above works for N = ∞. Namely, if we define a topological graph
where
then we can prove the following in a similar way to the proof of Proposition 6.5.
Remark 6.7. This Proposition generalizes [T, Theorem 4.2] .
Remark 6.8. For a topological graph E and a positive integer N, there are many ways to construct topological graphs E ′ such that the associated C * -algebras O(E ′ ) are isomorphic to O(E) ⊗ M N +1 . Besides the topological graph E N defined above, we give another exampleĒ
We can prove that O(Ē N ) ∼ = O(E) ⊗ M N +1 by using the injective Cuntz-Krieger E N -pairT = (T 0 ,T 1 ) whereT 0 is the same map as T 0 in Proposition 6.5, and
, and also using the automorphism
This construction also works for N = ∞.
7. Other operations Proposition 7.1. For a topological graph E = (E 0 , E 1 , d, r), the C * -algebra O(E) is unital if and only if E 0 is compact.
Proof. We have that O(E) is unital if and only if t 0 (C 0 (E 0 )) is unital because the hereditary subalgebra generated by t 0 (C 0 (E 0 )) is O(E) (see [K1, Proposition 2.5] ones with ∞ / ∈ E 0 sce (for example, in the case that E 1 = E 0 and r = id).
Proposition 7.4. Let E be a topological graph, and E be its one-point compactification. Then O E is isomorphic to the unitization O(E) ∼ of the C * -algebra O(E).
Proof. Define a * -homomorphismt
Then it is easy to see thatt = (t 0 , t 1 ) is an injective Toeplitz E-pair which admits a gauge action and satisfies C * (t) = O(E) ∼ . By Lemma 7.3, the pairt is a
Cuntz-Krieger E-pair. Hence by Proposition 1.6, we have
For a discrete graph E = (E 0 , E 1 , d, r) with infinite vertices, its one-point compactification E is no longer discrete.
Definition 7.5. We define a disjoint union E ∐ F of two topological graphs E and
It is easy to see the following. Proposition 7.6. For two topological graphs E and F , we have
be a topological graph, and X be a locally compact space. We define a topological graph E × X as follows. We set (E × X)
) and r((e, x)) = (r E (e), x) for (e, x) ∈ (E×X) 1 . It is easy to see (E × X)
Proof. First note that we can identify
1 ) is isomorphic to the completion of the algebraic tensor product
and g ∈ C 0 (X). It is routine to check that the pair T = (T 0 , T 1 ) is an injective Cuntz-Krieger E × X-pair admitting a gauge action. It is also easy to see that C * (T ) = O(E) ⊗ C 0 (X). Hence by Proposition 1.6, we have an isomorphism from O(E × X) to O(E) ⊗ C 0 (X).
Examples 1
Thanks to the study above, we can show that the class of C * -algebras arising from topological graphs contains all AF-algebras and many AH-algebras.
Let us take an AF-algebra A and write A = lim − → (A n , µ n ) where A n is a finite dimensional C * -algebra and µ n : A n → A n+1 is an injective * -homomorphism for n ∈ N. We write
n . For each n ∈ N, a map µ n : A n → A n+1 is characterized (up to unitary equivalence) by an N-valued rectangular matrix (σ
is the multiplicity of the map µ
n+1 which is obtained by restricting µ n . Note that we have
n+1 for each n ∈ N and 1 ≤ i ≤ i n+1 . For each n ∈ N, we define a topological graph E n = (E 0 n , E 1 n , d n , r n ) as follows: 
Then m n = (m 0 n , m 1 n ) is a regular factor map from E n+1 to E n and the * -homomorphism O(E n ) → O(E n+1 ) induced by m n is the same map as the injection µ n . Hence if we denote by E = (E 0 , E 1 , d, r) the projective limit of the projective system {E n } and {m n }, then we have A ∼ = O(E) by Proposition 4.13. Note that E 0 is a totally disconnected space, and d, r : E 1 → E 0 are homeomorphisms onto open subsets of E 0 . Thus this is an example of crossed products by partial homeomorphisms explained in Subsection 10.1, and this construction is the same as in [E2] .
Note that the class of graph algebras contains all AF-algebras up to strong Morita equivalence, but does not contain many AF-algebras such as simple unital infinite dimensional AF-algebras (e.g. UHF-algebras).
Next we see that many AH-algebras can be obtained as C * -algebras of topological graphs. For a topological graph E = (E 0 , E 1 , d, r) with
. Thus the class of our algebras contains all commutative C * -algebras. Combining this fact with Proposition 6.5 and Proposition 7.6, we see that a C * -algebra A of the form A =
where X k is a locally compact space and n k is a positive integer, is obtained as a C * -algebra O(E) arising from a topological graph E (we can also use Proposition 7.7).
Let us take C * -algebras A, B of the form
and choose topological graphs E, F such that O(E) ∼ = A and O(F ) ∼ = B as above. Not all * -homomorphisms from A to B come from regular factor maps from F to E. However, every diagonal * -homomorphisms from A to B, come from regular factor maps from F to E, where a * -homomorphism µ : A → B is called diagonal if for each k ∈ {1, . . . , K} and l ∈ {1, . . . , L}, the restriction µ l,k :
. . , σ l,k . By Proposition 4.13, our class includes all C * -algebras which are given by inductive limits of C * -algebras of the form
In particular, all simple real rank zero AT-algebras and all Goodearl algebras appear as C * -algebras of topological graphs (see, [Li, Theorem 4.7.5] and [RS, Example 3.1.7] ). The C * -algebras A T of totally ordered, compact metrizable sets T defined in [Rø] are also in our class. In particular, the example A [0,1] of a purely infinite AH-algebra constructed in [Rø] is obtained as a C * -algebra of a topological graph.
Besides AF-algebras and AH-algebras, many nuclear C * -algebras satisfying the Universal Coefficient Theorem appear as C * -algebras of topological graphs, for example purely infinite C * -algebras (see [K4] ) and stabely projectionless C * -algebras. In [K2] , we study the C * -algebras of topological graphs arising from constant maps, and apply it to the C * -algebras generated by scaling elements.
Examples 2
Our construction of C * -algebras from topological graphs is motivated by graph algebras. Graph algebras are one of the generalization of Cuntz-Krieger algebras. In this section, we see that our construction generalizes other types of generalization of Cuntz-Krieger algebras.
9.1. Exel-Laca algebras. In [EL] , R. Exel and M. Laca gave the method to construct a C * -algebra, which is now called the Exel-Laca algebra, from an infinite matrix with entries in {0, 1}. Exel-Laca algebras are one of generalization of CuntzKrieger algebras. As explained in [S, Subsection 3 .5], Exel-Laca algebras are obtained as C * -algebras of topological graphs.
Remark 9.1. In [S] , a topological graph was called a continuous diagram. The discussion in [S, Subsection 3.5] works well when the given matrix A has no identically zero columns (it was assumed that A has no identically zero rows, and this assumption lost no generality). When A has an identically zero column, the mapping Λ : G → X A is not well-defined. The argument there works once we add the characteristic functions δ i of i ∈ G to the generator of B ⊂ ℓ ∞ (G) for all i ∈ G such that i-th column is identically zero. 9.2. Matsumoto algebras. In [M1] , K. Matsumoto introduced a method to construct C * -algebras, which are now called Matsumoto algebras, from subshifts. When a subshift is a topological Markov shift, his construction is the same as the one of Cuntz-Krieger algebras. In [M2] , K. Matsumoto introduced λ-graphs and associated C * -algebras with them, which generalized Matsumoto algebras (see [M2, Corollary 4.5] ). His construction of C * -algebras from λ-graphs uses topological graphs which was called "continuous graphs" in [M2, Section 2] . Thus the C * -algebras associated with λ-graphs as well as Matsumoto algebras are obtained as C * -algebras of topological graphs.
Remark 9.2. In [CM] , it was explained that there is another way to construct C * -algebras from subshifts other than the one introduced in [M1] , which generalizes Cuntz-Krieger algebras. Since these C * -algebras also come from λ-graphs ([CM, Theorem 5.6]), they are also obtained as C * -algebras of topological graphs.
Examples 3
The class of C * -algebras of topological graphs contains the ones of graph algebras and of homeomorphism C * -algebras. Graph algebras generalizes Cuntz-Krieger algebras, and we study two other such classes in the previous section. In this section, we study three classes of C * -algebras generalizing homeomorphism C * -algebras.
10.1. Crossed products by partial homeomorphisms.
Definition 10.1. Let X be a locally compact space. A partial homeomorphism is a homeomorphism σ from an open subset U of X to another open subset V of X.
If a partial homeomorphism σ : U → V on X is given, we can define a * -homo- [E1, Definition 3.7] . Instead of giving a definition of the C * -algebra C 0 (X) ⋊ θ Z, we give its universal property (see [AEE, Definition 2.4 
]).
Proposition 10.2 ( [AEE, Example 3.2] ). The C * -algebra C 0 (X) ⋊ θ Z is generated by the images of a * -homomorphism ρ 0 : C 0 (X) → C 0 (X) ⋊ θ Z and a linear map
Remark 10.3. The similar computation done after Definition 1.2 shows that the conditions (i) and (ii) above are automatically satisfied from the conditions (iii) and (iv), respectively.
From a partial homeomorphism σ : U → V on X, we can define a topological graph E = (E 0 , E 1 , d, r) by E 0 = X, E 1 = U, r = σ, and d is a natural embedding. We have C d (E 1 ) = C 0 (U) with the natural inner product and the natural right action. For f ∈ C 0 (X) = C 0 (E 0 ) and g ∈ C 0 (U) = C d (E 1 ), we have π r (f )g = (f • σ)g ∈ C 0 (U).
Lemma 10.4. We have E 0 rg = V , and π r (f ) = θ g,h for f ∈ C 0 (V ) where g, h ∈ C 0 (U) satisfy θ −1 (f ) = gh.
Proof. By Lemma 1.4, E 0 rg is the largest open subset of E 0 satisfying that the restriction of r to r −1 (E 0 rg ) is a proper surjection onto E 0 rg . Hence we have E 0 rg = V because r : E 1 → E 0 is a homeomorphism onto V ⊂ E 0 . For f ∈ C 0 (V ), we have π r (f )g ′ = (f • σ)g ′ = θ −1 (f )g ′ for g ′ ∈ C 0 (U). We also have θ g,h g ′ = ghg ′ for g, h, g ′ ∈ C 0 (U). Now the latter part is easy to see.
Proposition 10.5. There exists a natural isomorphism O(E) ∼ = C 0 (X) ⋊ θ Z.
Proof. From a Cuntz Krieger E-pair T = (T 0 , T 1 ) on a C * -algebra, we get a * -homomorphism ρ 0 = T 0 : C 0 (X) → A and a linear map ρ 1 = T 1 • θ −1 : C 0 (V ) → A. We will show that ρ 0 and ρ 1 satisfies four conditions in Proposition 10.2. By Remark 10.3, it suffices to see (iii) and (iv). Take f ∈ C 0 (X), g, h ∈ C 0 (V ). For (iii), we have
by Lemma 10.4. For (iv), we have ρ 1 (g) * ρ 1 (h) = T 1 (θ −1 (g)) * T 1 (θ −1 (h)) = T 0 (θ −1 (gh)) = ρ 0 (θ −1 (gh)).
We can similarly prove that T 0 = ρ 0 and T 1 = ρ 1 • θ define a Cuntz-Krieger E-pair when two maps ρ 0 , ρ 1 satisfy four conditions in Proposition 10.2. Hence there exists a natural isomorphism O(E) ∼ = C 0 (X) ⋊ θ Z.
C
* -algebras associated with branched coverings. In [DM] , V. Deaconu and P. S. Muhly defined a C * -algebra C * (X, σ) from a branched coverings σ : X → X. They define a C * -correspondence over C 0 (X) by taking a completion of C c (X \S) where S is a branch set of σ. This C * -correspondence is the same as C d (E 1 ) obtained from a topological graph E = (E 0 , E 1 , d, r) where E 0 = X, E 1 = X \ S, d = σ, and r is a natural embedding. They showed that C * (X, σ) is isomorphic to the augmented Cuntz-Pimsner algebra of the C * -correspondence C d (E 1 ) over C 0 (E 0 ) ( [DM, Theorem 3.2] ). Hence by [K1, Proposition 3.9] , we see that C * (X, σ) is isomorphic to O(E).
* -algebras associated with singly generated topological systems. In [Re2] , J. Renault introduces the following notion. Definition 10.6. A singly generated dynamical system (SGDS) is a pair (X, σ) where X is a locally compact topological space and σ is a local homeomorphism from an open subset dom(σ) of X onto an open subset ran(σ) of X.
J. Renault constructed a groupoid G(X, σ) from an SGDS (X, σ) by G(X, σ) = {(x, m − n, y) | m, n ∈ N, x ∈ dom(σ m ), y ∈ dom(σ n ), σ m (x) = σ n (y)}. We should remark that in [Re2] a topological space X in an SGDS (X, σ) was not assumed to be locally compact, or even Hausdorff, but eventually X was assumed to be locally compact (hence Hausdorff) and second countable in order to apply the construction in [Re1] to the groupoid G(X, σ). We do not assume that X is second countable here because we do not need this assumption and we can apply the construction in [Re1] even though X is not second countable.
In [Re2] , J. Renault defined the C * -algebra C * (X, σ) of an SGDS (X, σ) to be the C * -algebra of the locally compact groupoid G(X, σ). In other words, the C * -algebra C * (X, σ) is the norm closure of the * -algebra C c (G(X, σ)) whose operations are defined by f g(x, m − n, y) = z,l f (x, m − l, z)g(z, l − n, y) f * (x, m − n, y) = f (y, n − m, x)
for f, g ∈ C c (G(X, σ)) with respect to a certain norm (for the detail, see [Re1] ). From an SGDS (X, σ), we have a topological graph E = (E 0 , E 1 , d, r) by setting E 0 = X, E 1 = dom(σ), d = σ, and r is a natural embedding. Since r is a natural embedding, we have E 0 rg = dom(σ). Proposition 10.7. For an SGDS (X, σ), the C * -algebra C * (X, σ) is naturally isomorphic to O E .
Proof. We can and will identify the open set {(x, 0, x) ∈ G(X, σ) | x ∈ X} in G(X, σ) with X. It is routine to check that the embedding C c (X) → C c (G(X, σ)) is a * -homomorphism. Thus we get an injective * -homomorphism T 0 : C 0 (X) → C * (X, σ). The open set {(x, 1, σ(x)) ∈ G(X, σ) | x ∈ dom(σ)} is homeomorphic to E 1 = dom(σ), and the embedding T 1 : C c (E 1 ) → C c (G(X, σ)) satisfies T 1 (ξ) * T 1 (η) = T 0 ( ξ, η ) for ξ, η ∈ C c (E 1 ). Thus we get a linear map
. It is not difficult to see that T = (T 0 , T 1 ) is an injective Toeplitz E-pair. We will show that T is a Cuntz-Krieger E-pair.
Let U be an open subset of E 1 = dom(σ) on which d = σ is injective. Take ξ, η ∈ C c (U) ⊂ C d (E 1 ) and set f = ξη ∈ C c (U) ⊂ C 0 (E 0 ). We have π r (f ) = θ ξ,η in a similar way to the proof of Lemma 10.4. We also have T 0 (f ) = T 1 (ξ)T 1 (η) * by straightforward computation. Thus we get T 0 (f ) = Φ(π r (f )) for all f ∈ C c (U) and all U ⊂ dom(σ) = E 0 rg . This shows that T 0 (f ) = Φ(π r (f )) for all f ∈ C 0 (E 0 rg ). Thus T is a Cuntz-Krieger E-pair. Hence there exists a * -homomorphism ρ : O E → C * (X, σ). Since the cocycle G(X, σ) ∋ (x, k, y) → k ∈ Z gives an action T C * (X, σ) which is a gauge action of T , the map ρ is injective by Proposition 1.6.
The proof ends once we show that ρ is surjective. To do so, it suffices to see that for all (x 0 , k, x 1 ) ∈ G(X, σ), there exists a neighborhood W of (x 0 , k, x 1 ) such that C c (W ) ⊂ C * (X, σ) is in the image of ρ. Take (x 0 , k, x 1 ) ∈ G(X, σ). Then there exist m 0 , m 1 ∈ N such that m 0 − m 1 = k, x i ∈ dom(σ m i ) for i = 0, 1 and σ m 0 (x 0 ) = σ m 1 (x 1 ). For each i = 0, 1, take a neighborhood U i ⊂ dom(σ m i ) of x i on which σ m i is injective. Set W = U(U 0 ; m 0 , m 1 ; U 1 ) which is a neighborhood of (x 0 , k, x 1 ) ∈ G(X, σ). Let us set W ′ = σ m 0 (U 0 ) ∩ σ m 1 (U 1 ). Then W ∋ (x, k, y) → σ m 0 (x) ∈ W ′ is a homeomorphism. Take f ∈ C c (W ). We have f ′ ∈ C c (W ′ ) such that f ′ (σ m 0 (x)) = f ((x, k, y)) for all (x, k, y) ∈ W . Let X be the support of f ′ . There exist X 0 ⊂ U 0 and Y 0 ⊂ U 1 such that σ m 0 (X 0 ) = σ m 1 (Y 0 ) = X. We set X n = σ n (X 0 ) for n = 1, . . . , m 0 − 1, and Y n = σ n (Y 0 ) for n = 1, . . . , m 1 − 1. For n = 0, . . . , m 0 − 1, choose ξ n ∈ C c (dom(σ)) so that ξ n (x) = 1 for x ∈ X n . Similarly for each n = 0, . . . , m 1 − 1, we choose η n ∈ C c (dom(σ)) so that η n (x) = 1 for x ∈ Y n . Then it is not difficult to check
Thus C c (W ) ⊂ ρ(O E ). This completes the proof.
By Proposition 10.7, all C * -algebras of SGDS's are obtained as C * -algebras of topological graphs. Conversely we will see in [K5] that from a topological graph we can construct an SGDS so that they define the same C * -algebra. Thus the class of C * -algebras of topological graphs coincides with the one of SGDS's.
Proposition 10.8. The SGDS (X, σ) is essentially free if and only if the topological graph E is topologically free.
Proof. Since every vertices of E receives at most one edge, every loop has no entrances. Thus E is topologically free if and only if the set of base points of loops has an empty interior. By Baire's theorem, this is equivalent to say that for every positive integer n the set of base points of loops with length n has an empty interior (see [K3, Proposition 6 .10] for the detail). The point x ∈ E 0 = X is a base point of a loop with length n if and only if x ∈ dom(σ n ) and σ n (x) = x. Thus we have shown that the topological graph E is topologically free if and only if the set {x ∈ dom(σ n ) | σ n (x) = x} has an empty interior for all positive integer n. This is equivalent to the essential freeness of the SGDS (X, σ) defined in [Re2, Definition 2.5] When a local homeomorphism σ : dom(σ) → ran(σ) is a partial homeomorphism, the C * -algebra C * (X, σ) is naturally isomorphic to the C * -algebra considered in Subsection 10.1, and when σ is obtained by restricting a branched covering σ : X → X to the nonsingular set, C * (X, σ) is naturally isomorphic to the C * -algebra considered in Subsection 10.2.
